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Breakup of a Stoner model for the 2D ferromagnetic quantum critical point
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Re-interpretation of the results by [A. V. Chubukov et. al., Phys. Rev. Lett. 90, 077002 (2003)]
leads to the conclusion that ferromagnetic quantum critical point (FQCP) cannot be described by a
Stoner model because of a strong interplay between the paramagnetic fluctuations and the Cooper
channel, at least in two dimensions.
PACS numbers: 74.25.-q
Recent experimental observations of superconductivity
in a close proximity to the ferromagnetic quantum criti-
cal point (QCP) in a few itinerant ferromagnets such as
heavy fermion compounds UGe2
1, URhGe2 and also in
ZrZn2
3 have revived an interest to whether the magnetic
fluctuations in the vicinity of ferromagnetic QCP provide
a fundamental mechanism for the ”p-wave” superconduc-
tivity. The idea of the exchange by paramagnons turned
out to be crucial for understanding the mechanism un-
derlying the superfluid state in 3He at low temperatures4.
In a broader context, relevance of paramagnetic fluctua-
tions to the appearance of superconductivity at the bor-
der of a magnetic transition has been discussed in5 and6
where reader will find the history of the problem and the
comprehensive list of references.
Starting already with the one of the first papers on
the subject7 there were numerous efforts to evaluate
the superconducting transition temperature mediated by
strong paramagnetic fluctuations for both ferromagnetic
and paramagnetic phases8,9,10. Most of these results bear
the numerical character, and this obscures the fact that
there is, as we believe, some flaw in the very model. Most
of the authors deal with the Stoner model where an in-
stability of the paramagnetic itinerant state comes about
with the increase of the on-site Hubbard interaction, U ,
that leads to the appearance of ferromagnetism. Varia-
tion in the value of the Stoner factor governs then changes
in a value of the Curie temperature by varying an exter-
nal parameter (in a more general form these ideas can
be formulated in terms of the Fermi liquid theory11 by
involving the Pomeranchuk instability12,13). Below we
will try to demonstrate that such a model is not self-
consistent, at least for the 2D systems.
The first question one faces while discussing any phase
transition is how close one can approach the line of a
transition. The problem of a singularity, or magnitude of
fluctuations, looks simpler near the ferromagnetic QCP
(the ending point of the phase diagram at T = 0). The
outcome of the analysis done by Hertz14 and recently by
Millis15 is that near such QCP fluctuations retain their
mean field character due to an increase in effective dimen-
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sionality to account for an involvement of the frequency
variable at zero temperature. We argue, that the hy-
pothesis of the ferromagnetic QCP with the paramagnon
propagator14 would lead to the developing of supercon-
ducting fluctuations at such a scale which breaks the va-
lidity of Hertz analysis far away from the vicinity of the
imaginable QCP. In other words, a Stoner like ferromag-
netic QCP is not self-consistent namely because it seem-
ingly leads to such strong pairing fluctuations that make
incorrect independent analysis of the spin ”zero sound”
and Cooper channels. Below, we would like to prove our
point by re-interpreting the results of the recent paper
by Chubukov et al.16.
The emphasis in Ref.16 has been put to demonstrate
that superconducting transition near the ferromagnetic
QCP may turn out to be of the first-order. The authors
of16 used the standard ansatz for the longitudinal fluc-
tuations propagator14. To get rid of the so-called non-
adiabatic corrections and to reduce the gap equations to
the well known form of the strong coupling ones (”Eliash-
berg” equations), the authors made an assumption that
the interaction of electrons with the spin fluctuations is
weak. A minor change below makes it more convenient
to overview the physical picture of their model as a whole
without resorting to numerical calculations.
Let us introduce the exchange part of interaction be-
tween the two electrons, Î(r1 − r2) as:
Î(r1 − r2) = −I(r1 − r2) (σ̂1 · σ̂2) (1)
and assume that Iˆ(r1 − r2) has the ferromagnetic sign
and bears a long-range character. After summing up all
diagrams in the zero-sound channel the same way it was
done in14, one arrives to the following longitudinal spin-
spin fluctuation propagator:
I˜(q;ωn) =
I(q)
1− 2 ν (εF ) I(q)
[
1− a |ωn|vF q
] , (2)
where I(q) is the Fourier component for the interaction
(1), wn = piT (2n+ 1) is the Matsubara frequency, ν(εF )
is the density of states at the Fermi level and the value of
a depends on the dimensionality of the system: a = pi/2
for 3D and a = 1 for 2D.
Cancellation in the denominator of (2) at q → 0
and ωn/vF q ≪ 1 leads to the Stoner criterion: 1 −
22 ν(εF )I(0)→ 0. The factor in the square brackets in de-
nominator in (2) is nothing but the electron polarization
operator Π(q;ωn):
Π(q;ωn) =
T
(2pi)d
∑
Ωl
∫
ddl G(q + l;ωn +Ωl) ·G(l; Ωl).
(2’)
proportional to the generalized electron spin suscepti-
bility and calculated at small enough q in the limit
|ωn| ≪ vF q (at this relation ωn and q appear in all equa-
tions below). In the opposite limit Π(q;ωn) decreases to
zero, and the Stoner like enhancement rapidly disappears
at ωn∼vF q.
According to14, Eq. (2) for the ferromagnetic fluctua-
tions does not experience renormalization at T = 0 and
1 − 2 ν(εF )I(0)→ 0. To agree the form of Eq. (2) with
the similar expressions in16 we assume that I(q) rapidly
decreases with an increase in q. To be more specific, we
accept the following notation:
2I(q)ν(εF ) ≡ I0 exp
[−q2/(pFϑ)2] , (3)
where
ϑ ≡ (RpF )−1 ≪ 1 (4)
is the parameter sharing the long range character of (1),
which in turn leads the small angle scattering to prevail
in Eq. (2). The interaction (1) is isotropic in the spin
space. It is straightforward to account in Eqs. (1,2) for
the presence of the magnetic anisotropy9.
As it was first pointed out in17, spin fluctuations pro-
duce two effects in case of the phonon-mediated (s - wave)
pairing: they add to renormalization of the electron self-
energy and they provide the pair breaking mechanism
for the S = 0 Cooper pair. Pair breaking effects are
basically the same even for a triplet (S = 1) pairing,
however, the exchange between two electrons by longi-
tudinal paramagnetic fluctuations leads to the attrac-
tive interaction in the triplet (S = 1) channel. For
the electron’s Green function in the paramagnetic phase,
G−1(p;ωn) = iωn − ε(p)− Σ(p;ωn), we write:
Σ(p;ωn) =
c
(2pi)d
T
∑
ω
n′
∫
ddp1I˜(p − p1;ωn − ωn′)G(p1;ωn′), (5)
where d is the dimensionality of the problem, and the coefficient c in (5) depends on whether the exchange is isotropic
(c = 3) or a strong magnetic anisotropy is present (c = 2 for ”easy plane” and c = 1 for ”easy axis”). For the sake
of simplicity we take c = 1 (”easy axis”) in order to avoid additional complications related to the possibility of a
first-order superconducting transition.
The superconducting order parameter ∆̂αβ(p;ωn) is chosen below in the form:
∆̂αβ(p;ωn) = i [(σ̂ · d(p;ωn))σ̂y ]αβ (6)
and near transition the vector d(p;ωn) satisfies the linear equation:
d(p;ωn) =
T
(2pi)d
∫
ddp1I˜(p− p1;ωn − ωn′) G(p1;ωn′) G(−p1;−ωn′)d(p1;ωn′) (7)
which would serve to determine the dependence of the
superconducting transition temperature on the proximity
to the QCP in Eq. (2). According to16, the vicinity of
the ferromagnetic QCP where onset of superconductivity
acquires a non-perturbative character is much broader
in 2D then in 3D. Consequently, our discussion will be
restricted to the 2D situation only.
Let us express vector q in Eq. (3) through the angle
of scattering along the Fermi surface, ϕ≪ 1:
q2 = pF
2ϕ2 (8)
In Eqs. (5,7) one can integrate over the energy variable
component, ξ1 = vF (p1−pF ). Dependence on | p | in the
order parameter ∆̂αβ(p;ωn) can be neglected because of
smallness of the scattering angle, ϕ:
d(p;ωn)⇒ d(ωn). (9)
Introducing the notation for proximity to the QCP
1− I0 = τ ≪ 1 (10)
after simple calculation Eq. (7) acquires the form:
d(ωn) = Tc
∞∑
ω
n′
=−∞
ipi〈I˜〉ωn−ωn′
iωn′ − Σ(ωn′)d(ωn
′), (11)
where
〈I˜〉ω = ϑ
2pi
∞∫
0
ds
τ + s2 + ωvF pF
1
sϑ
(12)
3comes about after integrating (2) over ϕ and making use
of Eqs. (3,4,8) in the expansion:
1− 2I(q)ν(εF ) ≃ τ + (ϕ/ϑ)2 (13)
In equations above we have neglected all the vertex
corrections to the bare vertices. With the help of the
explicit expressions for I˜(p;ωn), it will be easy to ver-
ify that the higher order corrections are small provided
that our parameter ϑ above is small. Straightforward cal-
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FIG. 1: Vertex correction to the interaction. Dashed and
solid lines are the paramagnon and fermionic propagators,
respectively.
culation of the first vertex correction to the self-energy
Σ(p;ωn) (5) shown in Fig. 1
δΓ(1) =
ipiT
2
∑
ωm
[sign(ωm +Ωl)− sign(ωm)]×
∞∫
0
dϕ
2pi
1
(vFk − iΩl)(τ + ϕ2 + |ωm−ωn|2εFϑϕ )
gives the following order of magnitude estimate:
δΓ(1) ∼ (ϑ/√τ) · (Ωl/vFk) (13’)
In notations (12) denominator in (11) is:
iωn − Σ(ωn) = iωn + ipiT
ωn∑
ω
n′
=−ωn
〈I˜〉ω
n′
(14)
Substitution s = z
√
τ transforms (12) into:
〈I˜〉ω =
(
ϑ
2pi
√
τ
) ∞∫
0
zdz
z(1 + z2) + ωω0
(
ϑ
4
√
τ
)3 (15)
with
ω0 = εFϑ
4/32. (16)
Frequency dependence in (12) serves as the cut-off:
〈I˜〉ω ≈ 1/3
√
3 (ω0/ω)
1/3 (17)
for
ω > ω0
(
4
√
τ/ϑ
)3 ≃ 2εFϑτ3/2 (17’)
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FIG. 2: Numerical solution of Eq. (11) for Tc as a function
of τ for the various values of magnetic anisotropy constant,
c (see inset). Maximum in Tc for easy plane and isotropic
cases corresponds to the onset of the first-order transition
into superconducting state.
Let us consider the paramagnetic phase (τ> 0) far
enough from the QCP. Renormalization of the self-energy
part Σ(ωn) is small, so that Eq. (11) converts into the
weak-coupling problem:
1 =
(
θ
4
√
τ
)
ln
[
ω˜
Tc
]
, (18)
where ω˜ is of the order of ω0
(
4
√
τ
ϑ
)3
(see Eq. (17’)).
When
√
τ is further decreased, so it becomes comparable
to ϑ, the strong-coupling regime sets in with the cut-
off frequency ω˜ ≃ ω0 in (18). This leads to the new
and important changes in Σ(ω). As it has already been
discussed in16, one has the following asymptotic behavior
of the self-energy part:
Σ(ω) =
{
ω (ϑ/(4
√
τ)) , ω ≪ 2εFϑτ3/2,(
3
√
3
4 εFϑ
4
)1/3
· ω2/3, ω ≫ 2εFϑτ3/2
(19)
The second asymptotic would signify appearance of the
non-Fermi liquid regime in the close proximity to the
QCP. It is seen, for fixed ϑ, that the overall behavior
of the critical temperature is defined by the value of the
”coupling” constant, λ:
λ = ϑ/4
√
τ (20)
As it is readily seen from Eq. (18), Tc ∼ ω0 at λ ∼ 1.
Equation (11) for Tc as a function of τ was solved nu-
merically with the solution shown on Fig. 2. At τ ≡ 0
we obtain:
Tc ≃ 2.5ω0 ≃ 0.08εFϑ4. (21)
Thus we conclude that Tc is finite at τ = 0 and reaches
the energy scale of the order of ω0 already at λ ∼ 1. The
latter is also true for other cases shown on Fig. 2.
4Let us therefore keep λ ∼ 1 and start gradually in-
creasing value of the model parameter ϑ. At ϑ → 1 we
should return back to the Stoner model with ordinary
local interaction which is discussed in14. We see from
(13’), that non-adiabatic corrections remain of the order
of one at λ ∼ 1, ϑ ∼ 1 and, hence, one expects that their
exact treatment would not change qualitatively the es-
timate Tc ∼ εF from Eq. (21). On the other hand, at
λ ∼ 1 and ϑ→ 1, τ = ϑ2/16λ2 ∼ 1, and one cannot come
close to QCP without forming a superconducting ground
state, which in turn would change the polarization opera-
tor (2’). Obtaining such a high values for Tc energetically
so far away from the originally accepted position of the
QCP (τ = 0) shows the intrinsic contradiction of the local
Stoner model14. At such a high energy scale the assumed
proximity to a ”QCP” seems to be irrelevant for physical
properties of the system. Mathematically, large Tc ∼ εF
or/and large ∆ lead to the change in the polarization
operator Eq. (2’) to account for an interplay between
the zero-sound and superconducting channels. The po-
larization operator (2’) is modified due to the presence
of anomalous Gor’kov functions F, F † in superconduct-
ing state at T = 0. For ϑ ∼ 1 and ∆ ∼ Tc ∼ εF this
introduces such a change in polarization operator that
significantly reduces cancellation in the Stoner factor.
Remember now that at ω = 0 and vF q → 0 expression
(2’) used to describe a behavior of magnetic susceptibil-
ity near a ferromagnetic QCP. Similarly, modified polar-
ization operator is proportional to electronic susceptibil-
ity in superconducting state. The latter would not go to
zero at T = 0 as it does for the s-wave pairing, even
though it does not equal to normal susceptibility neither
in any triplet state. The Stoner cancellation does not
occur. Therefore, once superconductivity (18) arises at
τ > 0 in the framework of the model with ϑ ≪ 1, at
T = 0 the ground superconducting state as a function
of external parameter continues to be stable while en-
tering into the ferromagnetic state (τ < 0) well beyond
”QCP”. This suggests a first order like phase compe-
tition between superconductivity and ferromagnetism at
low temperatures.
All that has been said above poses a few questions.
First, numerical calculations (see Ref.8,9,10) for Tc mak-
ing use of an exchange by longitudinal spin fluctuations
give rather low values of critical temperature compared
to the values of the bandwidth or the Fermi energy with-
out special assumption of small angle scattering (the au-
thors have been solving basically the same equations, i.e.
no vertex corrections have been included). We believe,
this is a result of some numerical smallness, such as the
factor 1/32 in Eq. (16). This smallness may restore
QCP within some vicinity. Indeed, the low values of Tc
has been experimentally observed in a number of systems
among which are Sr2RuO4, URhGe or
3He. In addition,
in 3D the strong coupling regime of the above model sets
on only in very close proximity to the QCP16. Note that
the model itself does not determine the spatial symme-
try of the triplet Copper pair wave-function: exchange
by paramagnons is not the only interaction between the
electrons in the Cooper channel. Thus, the paramagnon
contribution in our model comes together with other in-
teractions, Γl ∼ 1:
(3D) : − ϑ2|ln(τ)|+ Γl; (2D) : − ϑ√
τ
+ Γl, (22)
where Γl may be positive (here Γl is a proper harmonics
designed by the exact symmetry of the superconducting
pairing). Onset of attraction in (22) takes place closer to
τ = 0 and an effective interaction (22) remains reason-
ably weak (∼ 1) in its vicinity 18.
To summarize, we have shown that competition
with the superconductivity channel makes the Stoner
model for ferromagnetic quantum critical point not self-
consistent. FQCP can be realized only due to the pres-
ence of a numerically small parameter or other repulsive
interactions in the triplet channel that weaken the at-
traction mediated by paramagnons, at least in 2D.
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